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MATHEMATICAL SCIENCES

General Instructions

.The question paper is in two parts: Part A and Part B

.Part A carries 30 marks and Part B carries 70 lllarks.

.There is no negative marking.

.All allSWerS must be written in'the answer book and n()t 011. the q.u.estion paper

Notations: The set of natural numbers, illtegerH, rationa.l mtmbe!s, r('al mtmbers
alld rOlllplex number-,? are denoted by N, 7l, Q. JR an(l C respe(:tivcly.
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Part A

Pm"t A c"onsists of 30 multiple choic'e questions p1\('h ('arr:vin~ lll~tr k

AIISW('1' all questions from Part A

'i<,k.FOlIl. possible 'clllswers ar(' provided for each (111('stioll

'ctgaillst A. B. C or D OIl page 3 of the 'clIlSW('r l)()ok.

v) the ('orre( cl1lSW(~r

If (a. b). # (0,0) thell the re(11 polynomial .1' + a:)' + b lllUSt h(lVE

~

A. ollly real zeros.

B. ollly llOll-real cOlllJ>lex zeros.

C. ,l real zero.

D. a 11011-real c:olllplex zero,

~ is (tlwavs
,,'I"

A

B.

C.
11

L
:JtI

D

~ L(,t I) 1)(, a llOIl-trivial r('latiOIl OIl (\ S('t "'\'"

tll('ll p is

If :yllllU('tri(' aurl aut isyuuu"IS

A l'('fi(,XiV(

B. trf\llSit.iV('

c. all equivalell(.e relation.

D. th(3 diagonal relation (i.c ;11)"py {:} ;r

~('t .f: z :1.:3 3:[' 1IR be d(,fill('d by .f ( ;1' ) Th(\ll .f is

A 11Ot ;.1 ftmctioll

B surj<'('tive ( onto) ftmction

Ul ill,ject.ive (OlI(\-to-one) nmction

fllll('tioll but neither inj('('tiv 11Or slU'j('(otiv

.2001
S\II>I)OS(' .f IR;. IR is rlcfille( 1 l)y n(,~l

A (lo('s IIOt h'clV illV(~rSe OV('l' whole of IR!.



B. has no inverse outside a finite open subset of IR.

C. has no inverse outside a finite closed subset of IR

D. has inverse over the whole of IR.

/ 6. The set {5,15,25,35} is a group under mllltiplicatioll modulo 40
element of this group is

The identity

A.

B.

C.

D.

~ ) is
123456
761234

Order of the permutation

A. :3.

B. 4.

C. 7.

D. 12,

8. Let Zn be the additive group of integers modlllo 'n
from Zn to itself is

The llumber of homomorphisms
/

A.

B.

C.

D.

9. The number of non-isomorphic abelian group(s) of order 15 isx
A. 1,

B. 2

C. 3

D. 4,

10. Let R be a commutative ring. An element x E R is said to be llilpotent if x1l = 0
for some positive integer n. If x and y in R are such that .1' and x + :!I arf~ nilpotents
then :I} ml1St be

A. the additive identity of R.

B. the multiplicative identity of R
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5.

15

25

35

0.

1.

n.
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c. xm, for some integer m

D. llilpotent.

The ('haracteristic polynomial of the matrix ( i
o

o

0
1

0
)1 is

°

1

A. :r(:1°2 + 1).

B. ;z;(x- 1)2

Co X(X+ 1)2

Do X(X2- 1)

) E IR2/12. Let v = (1,1) and w = (1, -'-1

IR-linear span of v and w

Thell a vector u =:: (a,b) E IR2 is in the

A. only when a = b.

B. always.

C. for exactly one val~e of (a, b).

D. for at most finitely many values of (a, b)

13. The dimension of the vector space { (x, y, z, 'UI) E IR4 W,:Z'+Z =y = Z+'U)} is

A 0.

B

C

D

2

14. Let A be a 3 x 3 real matrix. Suppose A4 = 0. Then A has
/

A. exactly two distinct real eigenvalues

B. exactly one non-~ero real eigenvalue

C. ,exactly 3 distinct real eigellvalues.

D. no non-zero real eigenvalue.

Let a, l~, c, d be real numbers and let j : C -t C be the !llapdefiq(;)d by j(x+'iy)
(a.T + by) + i(cx + dy). Then j is linear over C if and only if

A.

B.

C,

a = d and b = c .

a = d and b = -c

a = -d and b = c
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D d alld bn c

16 Let G, alld G2 be two distinct cllips{'s i.n tI'u, pI}\ll('. If G1 'r\lld G:.! hav(' 'rt ('OlllllIOll

tanRellt at a (:ornrnon point p thm the n\llllbff of (listin(.t ('OlnnlOll j)Oillts of C'1

}\lid G2 must be

A. 1.

B. lor 2.

C. 1~ 2 or 3.

D. 1~ 2~ 3 or 4

17. Let p

;r+y:

{( ; , 1

;1'.:11. Z) E ]R;.'

Th(,JJ 1 rlJld 111

;i ;j
{(;r~y,z)E~ ::r=O}.Q={(:I'..I}.Z)EJR ::I}

} be thrt'e pl'ct.les itl ~:i. Let I= Pn R (111(1 frr1
()}, R =

QnR.

A. itre two skew lines.

B. m"(' two prirallellin('8"

C. intcr8e(~t at the origin.

D. ;:tr(~ perpcndi('ular to (~a('ll oth('r

18. Let S be Ullit sphere with ('enter (0.0, 1
the equation of, ~-np is

ill ]R;.:i (lllO r h{, t h(' I>lall(' t)b
Th<'ll

:i

4'

1,

2x

2y

A.

Bo

C,

Do

1
2
1
2

19. The thr('e lines a:J: + a2y
and only if

b.T + b2:IJ ,)

(':1' + ('-y ill JR2 m"(' ("OI1(11l'l'('llt if

I
I 20. The ftmction i: IR -IR defined by .f(.T!

0} is diff.(\r(\llti~1 hl('lll'clX{ 1 -'~:l.

A. at all points.

B. £It all except one point.

C. at all except three points.

D. nowhere.

6

"'
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-

I.

~i

4'

1
2

1
2

I Z

, Z

:1'2

:('2

:1'2

:1'2
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+
+
+

y2

y2
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/21 Lt't f: [{).1] -+ IR. I)e a continllOllS f11llction with f({)) = .f(l). If f is diff.erenti'cM)I('
on ( {)~ 1) and th(' derivative f' iH continll()uH on ( {), 1) th("ll f ' is

A. str-ictly positive in ( 0, 1) .

n. strictly negative in (0.1).

C. idcntic(1lly zero in (0,1),

D. ZffO (It some point in (0,1)

A. (tll p > 0.

B. for olliy p = 1.

C. for all p > 1.

D. for all integer Vcuucs of p.

23. Lf't V IR.;J IR.;J be th(' v('('tm" field defined by

V(l ' " '.' ) ,- (",2 + X 2 'I ' r +1 ' 1' 1'2 + '.'
X ),1,,2,"-3 ,- ,') 2")'2 ,2,:~,,2 "-1 :3

Th~ (livergenc(~ of V is

A. 4:1:1 + :1:3.

B. 0.

2 2 2C. :rl + X2 + XIX:~

D. (2:rl,J.l +X3,Xl

A uuit llOnnal vector to the ClUVe C := { (:r, :r2

point (0, 0) is given by

J' E IR } ill thf' plmlc IR 2 at thf
24/

A. (0, -1).

B, (-1.0).

C. (~. ~)

.(1, 0).D

25. The Ilmnber of zeros of th(' ftmction f ( x) = sin ;1' ('OS .1' in ( 0, n7r ) is

A. n+ 1.

B. 21L -1

C.2n.

D. 2n + 1
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1 -X2 ha..,;[.;-1,1] -+ IR defined by f(x)26. The function f

(-1,1)A, no local maxima or minima in

B. has exactly one local maximum and two local minima in ( -:1, I)

C. has exactly one local maximum in ( -1, 1) .

D. has exactly one local minimum in ( -1, 1) .

2821
+ y 8y2-is=

27. lif(x,y)

A. 42x7 + 4200X5y2 + 8400xy6 +420y7

B. 42x7 + 500X5y2 + 200XY6 + 10y7.

C, 42x7 + l000x5y2 + 1200xy6 + 420y7

D. 7x( + 700X5y2 + 1400xy6 + 70y7.

dy

A. y = e:l: -1.

B. y=e:1:+1.

C. y = e:l: + x

D. y = ex-l.

+ 4y = O has general solution of the form

A. A cos2x + Bsin2x

B. Ae-2x + Bxe-2x .

c
C. Ae2x + Bx'e2x.

D. Ae2x + Be-2x.

2-2, Xn ~ O for n ~ 1 will {'Ollverge to the soltltion :I'

2 = O if and only if XI is
30. The iteration Xn+l = X~

of the equation X2 -x -

A. close to 2 from the left.

B. close to 2 from the right.

C. equal to 2.

D. equal to ~.
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Part B

.Part B comprises 24 questions. Each question (.aJTi(~s 5 ~llarks

.Answer any 14 fttll questions only.

.Only the first 14 answered questions will be evaluated

.Answer should be to the point,

1. Let a, b be real numbers and let f, g: IR -'-t IR be the functions defined by

f(x

g(x

ax + 'b and

2
x ,

=

~

9 o f if and only if (a,b) = (0,0), (0,1) or {1,0)respectively. Show that f o 9

2. For an integer n ~ 4, compute the n x n deternlinant

2
23

3

33

1l

n:~1

1 22n-l 32n-l n2n

3. Forall n E N and for all positive real numbers x, y, show that

1+.11-
x

x
1+-

Y

~ 2n+ 1+

4. Let p be a relation on a non-empty set X, For y ~X, let

there exists y E y sll(:h that y pxN (Y) := { x E X I

Show that p is reflexive if and only if y ~ N (Y' for all y ~ X

f(n + 11) = f(n+ 18) for all 'n E Z then5. Let I: z -+ IR be a function. If I(n)

show that I is a constant function.

6. Let '+' and '.' be the operations on the set C[O, 1] of continuous real valued functionson [0, 1}, defined by ,

f(x) + g(x)

f(x) .g(:z'),

(/+ g)(x)

(I. g)(x) -

[3 marks]

[2 marks]
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7. If
.('2 + l':i

()

{)

()

:f!)K + ,f!)!J + :1:1()()

:r!)!1 + :rl()() + ;f1

:1'1()() +:1'1 + ;r2

= ,1'!)!) = :Z'I(}{) =then show that;xl 0.:r2

8. Let .f: R2 ~ R3 be defined by f(:r, :iI): = (x, :1' + .IJ, ;iI).

(a) Show that f is linear: [2 marks]
(b) !"illd the range and the kernel of f. [3 marks]

9. Let P, Q and R be thFee non-collinear points ill th{' plalle. Show that evely pOillt
X in the plane can l)e tmiquely written as X = (/'lP + a2(l-+ (1;~R. wh('[(' al ' .a2. a;\
are real numbers with al + a2 + a;~ = 1.

10, Find the volume of the largest (right c'ircul~ll" ) C'OIl{' that {'~UlI)() illSC'ril){,{\ ill ~t Hph(

ofradillS R > O ,

Show that th(' nlll('tioll h: JR --t IRLet .f. .q: IR -+ IR be two (~ontillllOllS ftlllCtiollS,

defined by

lllax{f(:r .IJ(:r)} for .I' E !Rh(.r

is continuous

Let I: [a, b] -+ ~ be a co11ti11UOllS ftlllc:tioll 011 tit{' rlOS('<l illterval [a. b]
I(a) = I(b). Show that there ('xists c E [a. ~! ] Sllcll that of ( (0 + 9~ ) =

IR wit 1112
= .f( (

Let I: 1°, 1] -t IR be a continuol1S ftinction. S'lPPOS('
every rational number r E [0,1]. Prove that I(:r) =

hilt ,f(r) = 1';~ + !)!)1' + 1O() fOr

;~+99:r+lO()f()lilll,rE [():1],
1

00 (nl)2511
14. Does the series ~ ( . 1 conver ge.? Jufltifv VOllf 'cUlswcr.

"'2nJ ;!cc
!c c" , , .

onoton<' decreasing ..Ul( 1 th<' sffics

-

n=;

n E N ('OIIV{'l'.!!;('S to O

15. If a ::;equellcc an, n E N of rcctl nU1nbers is 111
00
~ a" is (:onvergent, then show thclt thc sequen( !/(1,1
n=O

is stri('tly in('r('asill~ all(l
-I (It tll(' point 1 = .{(-1),

16, Show that the function f: IR -t IR. f(:r) := :1":\ + 2:1' +

compute the derivative (f-1 )' ( 1) of th(' invffs(" ftlll('timl ,1

17. Let I: IR ~ IR be a fttnction which is 3-timc:o; diff'('l"('lltiHJ)l(, ill (I 11('i~hl)OIIl.hood of ()

and .f(O) ;:: 0, Show that th(~ ftmctioll .q: IR ~ IR, d({ill('(l by
.. , .f(x) if l' ~ ()

g(x

1'{0) if :1' n'
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is difl'erentiable at O and 9 , ( 0) = ~ f " (0)

18. For n E N, let

'= f7r/2

Jo

sinrl t dtan

Show the following

nan-l for n, ::::: 1 [2 marks]
(a) (n + l)an+l =

(b) lim ~ = 1
n-+oo an [3 marks]

19. Let i: IR3 X IR3 -t IR3 be the map defined by

the vector product of v and 'W)f(v, w) := v x w

Show that f is surjective ( onto )

20. Let f: ( 0, 00 ) -t JR be the function defined by f ( x :

minima of f .
= xx. Find local maxima and

21 Find out all the local maxima, local minima and points of inflection of the function
I: IR --t ~ defined by I(x) = 3X5 ~ 5x3 + 15.

22. Show that any solution y of the differential equatioll

dy

dx

= S1l1 y

On an interval [0, a) statisfies

Jy(x) -y(O)1 ~ x for all l' E [0, a]

23. DescTibe the Euler numerical scheme and the R.unge-Kutta method of order 2 for
solving the differential equation

~

dx

y(O)

f(y) XEIR

Yo,-

wher(' f: IR -t IR is differentiable and the derivative f' iH continuollS 011 ~. Explai11

also why the R,unge-Kutta method is preferred to th(' Eltler 1l1ethod.

24. Compute the area of the region

max{ I xi, Iyl} .$: 1 4xy::; I}
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