Integrated Ph.D./Mathematical Sciences

General Instructions

The question paper has 50 multiple choice questions.
Four possible answers are provided for each question and only one of these is correct.

Each question carries 2 marks.

(1)

(2)

(3)

(4) There is no negative marking.
(5) Answers are to be marked in the OMR sheet provided.

(6) For each question darken the appropriate bubble to indicate your answer.
(7) Use only HB pencils for bubbling purpose.

(8)

Mark only one bubble per question. If you mark more than one bubble, the question will
be evaluated as incorrect.

(9) If you wish to change your answer, please erase the existing mark completely before
marking the other bubble.

Notations: The set of natural numbers, integers, rational numbers, real numbers and complex
numbers are denoted by N, Z, Q, R and C respectively.
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. Let a,b be two real numbers such that a > 0 and b > 0. The number of real roots of the
cubic ax® + bz +1 =0 is

(A) 0
(B) 1
(€) 2
(D) 3

. Let a, 3,7 be the roots of the cubic 23 + ax? + bx 4+ ¢ = 0 where a, b, c are real. The
expression a?3? + 3272 + v2a? is equal to

(A) 62 — 2ac

(B) b° —4ac

(C) b2+ 2ac

(D) b2 + 4ac .

. The equation z'° 4+ 523 + 2 — 15 = 0 has

(A)

(B) at least 2 negative real roots
(C) all real roots

(D)

at least 2 positive real roots

at least 8 imaginary roots .

. For real numbers x > 1 and y > 1, define P,Q as

=Inyzy, Q=+hzlny.

Which of the following is true for all z > 1 and y > 17

(A) P=Q

(B) P < Q

() P

(D) There is no relation between P, Q.

If 2 #£0,y #0, then 22 + 2y + 2 is
(A
(B
(C
(D

) always negative
) always positive
) zero

)

sometimes positive, sometimes negative.



10.

11.

- k
The sum Z (Z) (n) 2*(1 — )" * is equal to

>

Q

(A)
(B)
(©)
(D)

Let z = z + iy be a complex number. Then |z| = |z| + |y| holds if and only if

A) z=

z lies on the y-axis

)
B) z lies on the z-axis
)
D)

(
(
(C
(D) z lies either on the z-axis or on the y-axis.

One of the values of arg(v/3 — )% is

Let f: C — C be given by f(z) = z. Then

(A)
(B)
(C) f is differentiable everywhere except at the origin
(D)

f is differentiable everywhere

f is nowhere differentiable

f is an entire function.

1+ 1 1 1
The determinant 1-w ! 1 evaluates to
1 1 1+y 1
1 1 1 1—y
(A) xy
(B) (zy)?
(C) 1—29)(1 -y
(D) 2> +¢°



rg 1 T2 I3 T4
g X T2 I3 T4
12. The determinant | zg 1 = x3 x4 | evaluates to
rg T1 X2 r T4
Tg T1 X2 T3 X

A) [xo(x — z1)(z — 22) (2 — x3)(x — ;U4)]4

(A)

(B) zo(x — 1) (x — 22)(x — x3)(x — x4)
(C) ol(z — z1)(z — w2)(x — x3)(x — xa)]*
(D)

D) zxox1z07324.

13. The number of reflexive relations on a set of cardinality 3 is

(A) 64
(B) 32
(C) 8
(D) 4.

14. Up to isomorphism, the number of groups of cardinality 4 is

(A) one and it is abelian

(B) two — one is abelian and the other non-abelian
(C) two — both are abelian

(D) four — two abelian and two non-abelian.

15. Suppose G is a group with more than one element and no proper subgroup. Then the
cardinality of G is

P a prime number.
@) a finite non prime number.
R infinite.

(A)
(B) P or @, but not R
(C) P or R, but not @
(D) any of P, Q or R.

16. The number of roots of the polynomial 23 — z in Z/6Z is

=

1
B) 2
3
6

A~~~
O Q
~— ~— ~— ~—



17. Let S and T be vector subspaces of a vector space V. Then S UT is a subspace of V

(A)
(B) if and only if one of S or T is trivial
(C) ifand only if SCT or T C S

)

(D) if and only if SN T is a nonzero vector space.

1s never true

18. Let T : R* — R3 be the linear transformation defined by T(z,y,2) = (y+z,2z+x,2+7y).
The matrix of T" with respect to the basis {(1,1,1),(1,—1,0),(1,1,—-2)} is

(A)

(D)

S O N N DN DN —_ = — = O
|
—
|
—_

19. Let V and W be vector spaces and T : V — W a linear transformation. Then T is a
group homomorphism
(A
(B
(C
(D

only if dimV < dim W
only if dimV > dim W
only if dimV = dim W

is always true.

~— ~— ~— ~—

20. Minimum of dimension of the intersection of two seven dimensional vector subspaces in a
twelve dimensional vector space is

A
B
C

~— ~— ~— ~—

0
2
5
7

~ o~ o~



21. Dimension of kernel (i.e., null space) of the linear transformation from R? to R? given by

the matrix < _01 8 (1) ) with respect to the standard bases is
(A) 0
(B) 1
(C) 2
(D) 3

22. Let P be an n X n matrix with real entries such that
P242P+T1=0

where I denotes the n x n identity matrix. Which of the following is true?

(A) There does not exist a matrix P satisfying the given condition
(B) P
(C) P exists and is invertible
(D) P exists but it may not always be invertible.
23. Let A be the triangle in R? with vertices at (0,0), (0,1), (1,0). Let T : R?

linear map given by T'(x,y) = (2x 4+ 3y, —x + 4y). The ratio

area T'(A)

area A

is equal to

>
—_
—

N N /N T

O Q

~— ~— ~— ~—
==
w N

—
N

24. Let A= (3,—1,2) and B = (0,2, —1). Then the locus of points P =
distance(PA) = 2 distance(PB)
is given by
(A) (z+ 1)+ (y—3)*+ (2 +2)* =12
(B) (=1 +(y+3)*+ (2 —2)* =12
C) (@+1)2+(y—3°+(2—2)?%*=12
D) (z -1+ (y—3)?+ (2 +2)* = 12.

— R? be the

(z,y, z) that satisfy



25. Let T be the graph of the function

26.

27.

28.

fz) = 1+, -1 <2 <0
] 1—u, 0<ax<1.

Then the reflection of T" in the line y = 0 is given by the graph of g(x) where

-1 —=x, —1<z<0
(A)g(f‘)_{—ux, 0<z<1
) 14, —1<z<0

—1-z, —-1<z<0

l—z, —1<z<0
(D) g(x)_{—l—a:, 0<z<1.

In the Euclidean space R?, the nonempty intersection of a plane with the set {(z,y,2) €
R? | 2% 4% =1} is

a circle.

an ellipse.

a single straight line.

a pair of parallel staright lines.

IO v

(A
(B
(C
(D

Suppose there are two unit circles in the Euclidean plane such that center of one is a
point of the circumference of the other. Distance between the points of intersection of the

) P,Q, R but not S
) P,Q,S but not R
) P,R,S but not @
) Any of P,Q,R or S.

circles is

A) 2 units

B) /2 units
C) 1/4/3 units
D) /3 units.

The number of points in the Euclidean plane together with the three points (1, —1), (—5,9)

(
(
(
(

and (7, —11) which form a parallelogram is
(A) 0

(B) 1

(©) 2

(D) infinite.



29.

30.

31.

32.

33.

The equation of the tangent plane to the surface 22 — % + rz = 2 at the point (1,0, 1) is
given by

(A) 3z —2—2=0
(B) 3z +3+2=0
(C)3x—4+2=0
(D) 3z —5—-2=0.

Let u(z,y) = 2% — 329? and v(z,y) = ax®y + by3, where a,b are real constants. The
family of curves given by {u(z,y) = constant} and {v(z,y) = constant} are orthogonal
exactly when

(A) a+3b=
(B) a—3b=0
(C) 3a+b=0
(D) 3a—b=

Let X’, 17, Z be vectors in R? such that
XxY=i+2]-3k, Z=—-i-2j+k.

The volume of the parallelepiped in R3 spanned by X , }7, Zis

(A) 5

(B) 6

(©) 7

(D) 8.

Let 7 = (2zy2) i+ (222 + 1) j + (z2y + 322) k. Then the magnitude of curl 7 at (1,1,1) is
(A) not defined

(B) strictly greater than one

(C) equal to one

(D) equal to zero.

Let D be the square in R? with vertices at (0,0), (1,0), (0,1), (1,1). The integral

/ x dy
oD

where 0D is the boundary of the square, is equal to

(A) 0
(B) 0.5
(€)1
(D) 1.5.



34. The integral / (yzdz + (xz+ 1) dy + zy dz), where C' is a simple closed curve, equals
C

(A) 0
(B) 3zyz+y
(C) length of C
(D) area enclosed by C.
35. The value of
lzmn_m( L L + —i—i)
+1 n+2 2n

is

(A) 0
(B) In2
(C) e
(D) €.
L o(-ye
36. Let Sy = Z o Then the sequence {5y}

n=2
A
B
C
D

converges to a finite number
diverges to oo

diverges to —oo

(
(
(
(

~— ~— ~— ~—

oscillates.

2

37. The equation x* = xsinx + cos x is true for

(A
(B
(C
(D

no real value of x
exactly one real value of x

exactly two real values of x

~— ~— ~— ~—

infinitely many real values of x.

38. Let f: R — R be a function satisfying |f(z) — f(y)| < K|z — y|g, for all z,y, where K is
a constant. Then

(A) f is a linear function
(B) f is a constant

(C) f is strictly increasing
(D) f is strictly decreasing.

10



. Let f: R — R be defined by f(x) = min(|z|,2? — 1). Then f is

(A
(B
(C
(D

) a discontinuous function

) continuous and differentiable everywhere

) differentiable everywhere except at one point

) differentiable everywhere except at two points.
Atz =2, f(z) =2%" has a

(A
(B
(C
(D

) local minimum, but not global minimum
) local maximum, but not global maximum
) global minimum

) global maximum.

. Let f :[a,b] — R be continuous, f(a) > b, f(b) < a. Then there exists an x € [a, b] such
that

(A) f(z) ==
(B) f(z) =0
(C) fi(z) =0
(D) f"(z) =0

(A) e+1
(B) 1
(C) e—1
(D) €2

11



44.

45.

46.

47.

48.

49.

If f:R — R is a continuous function and f(x / f(y) dy, then

(A) f(z) =

(B) f(z) =Inz
(C) fi

D) f

A

is identically zero
is identically equal to 1.

1
Let f : R — R be a continuous function such that lir% f(z) = a. Then lim — f (y) dy

z—0 T

Tty
The partial derivative of / sin®(t + y) dt with respect to x is
0

(A) sin®(z + 2y)

(B) 2sin(z + y)

(C) 2sin(z + 2y)

(D) 2cos(x + 2y).

The initial value problem % = y%, y(0) = 0, has
A

(A) no solution

(B) infinitely many solutions
(©)

(

D) finitely many solutions.

exactly one solution

Which of the following pair of functions is not a linearly independent pair of solutions of
!
y' +9y =07

(A) sin 3z, sin3z — cos 3z

(B) sin3z + cos3x, 3sinx — 4sin®x
(C) sin 3z, sin 3z cos 3x

(D) sin3z + cos3x,4cos® x — 3cosz.

Determine the type of the following differential equation f;—g + cos(x + y) = sinx.

(A)
(B)
(C) linear, nonhomogeneous
(D)

linear, homogeneous

nonlinear nonhomogeneous

nonlinear, nonhomogeneous.

12



50. The solution of the first order ODE
2y =xy+ar+y+1

is (in all the choices below, C' is a constant)

(A) y = Cafe” — 1)
(B) y = (Cxe”) — 1
(€) y=(Ce") —x
(D) y=(Ce*) —z—1

13



